
Week 9
QI Define a sequence Sn by

S
,

=L 52=1 Sn= Sent + 25ns for h23

Let  TELCIRY defined by TCK
, g)

= ( y , Zxty )

(a) Show that
 

T "( 0,1 ) = I Sn ,Sne , )

(b) Find the eigcu values of T

(c) Find a basis of 1122 consisting of eigenvectors of T
.

(d) Use the solution of parte ) to compute T "( 0,1 )
.

Given that the eigeu values of T are real and distinct

Suppose t.az are eigcaualuesofT.at
. Tick

Prove that

Sn =y,÷y
,

@. I ) for  all tire integer n
.

SOF (a) We use induction
.

For n⇒
,

T(

0,11--4,0+11=(1,11--6,52)

.

'

.
Case n=l is true

.

Assume TKCO
,

1) =( Sk
,

Shi ) is true for some  tire integer k

TK"( 0,1 )=T( Sk,Sµ, )=( Ska ,2SktSka ) :$Kei , Skez )
.

'

. Case h=k+i is true
. By MI

. we are done

(b) Let p # i.01,611 } the standard basis of 1122

MCT ,p ) =

( {1

,
] Solving detc MCT ,p ) - xI)=o

we have

O=det( MCT ,p ) - xI)=
)

- x

,

.ly/=ex)a-x)-I=x2.x-2
z = @-2) ( xtl )

.

'

.
The eigen values of T are

2 and -1



(c) Let X. = -1
,

72=2

.

92>1
,

Solve ( T -hit )v=o for v
.

MCTA
,

I
, B) =( A ,

1

] Take

vi.
( I

, -71 )
.

Then
2 I - X ,

t.net#uM=fy..i.ffi.f=k+x.djjl

:]
.

. V
,

is an eigenvector of T with eigen value

MCTAZI
, B) =( -72 1

] Take vi. ( 1

,
-72 )

.

Then

2 I -1,2

MCF. ¥lap
)=f -7 .

1

]( ' ]=[ ;]
2 I -72 -7,2

.

'

.

Vz
is an eigenvector of T with eigen value 12

Then V=( V , ,vz ) is a basis of 1122 consisting of

eigenvector of T ( It is tin
. indep . by 5.10

,
lrkdim 1122=2)

(d) Mark @on ]Mtttnptff
,

t.fm#mja.faPIfM(TnCo,D,p)=M(Id,r,p)MCTn,r)MCIdp,r)M(co.h.p

)tiiitl:

.it#aEiDl:l¥€t
.

t.dk#aiidl
;]

¥t¥n¥dEi
' 'll :]

= tin - H
,

tin
,

"

¥
,

Italian.ua#amflil=.f:a.fItEYH.'.sn=kxftI

-7
,

"

] ttreintegera



room
OF Recall the parallelogram law

Hxtylptllxy112=211×112+216112for x. y EV
. 4

Recall the definition of inner product Hun
,

WEV
,

AHF

( Ipl ) Additiuity in 1st slot

< utv
,

W > = < a ,w > + < v. w >

( IP2) Homogeneity in 1st slot

L Xu
,

w > =X caw >

⇐B) Conjugate symmetry
<u,wT =<w,u >

( IP4) Positivity
( u ,u > 20

⇐P5) Definiteness

If < a ,u > =o then u=o
.



We check (IP4 ) and Hallie first

< u ,u > =¥(llutulp - Hu-417=+4112412 ¥tt (

1411415=114130 4

�2� 0

.

'

.

Hulk @

( IPS ) If ( um > =o then 1141=0 By 0 u=o

-

( IP 3) < u ,w > = 't ( Hutwll
'

- Hu . wlp )
= ¥ ( llwtult - lkikw -4112)

= # ( llwtuy
'

- Htllw -412 ) By @
= the (

ywtulttlw
- up )=<w,u >

( IPL ) Lutv ,w > =¥(Hutvtwlp - Hutu -WHY
=¥(I( zllutwll

'

+ 21h12 -

1k¥12
+ Zlwtwltt -211412 - 11 - utvtwlp ) By 04

- I ( zlluwlttzllvlp - Hu - uwlptzllrwlptzllulp -ltu# )
= ¥ ( Hutwlp - Ha - wlptllutwlp - Hu - WIP )
=L u ,w > + < v. w >

The hardest part is ( IPZ )
We prove it in several steps

@ ( Xu ,w > = Ku ,w > for 1=0
,

1,2; ' ' '
.

Pf For ,1=o < on ,w > = ttllwlkltwlp )=o=o< u ,w >

Assume ( Xu ,w > = Kun > for some  nonnegative integer A
L ( xti )u,w > = Kuen ,w>¥" ( au ,w > + < u ,w > = Ku ,w > tcuiw > =A+iKu,w >

By MI we are done

BO For
any we integers min (

amu
,w > =  

Ecu
,w >

m
part (a) part  a

Pf We have nttnu ,w ) = (nfamu) ,w >=au,w > =mcuiw >

Since no multiply th on both sides we have the result
.

@ ( a ,w > = - Law >

±p ,

Pf Eu ,w > =Gu,w > + ( u.ws - Caw > = C- utu ,w > + ( u ,w >
Parton)

= @ w > - ( a ,w > = - Cu ,w >

DO H rational no
. q ,

< qu ,w > =qcu,w > Pf Apply (a)
,

( b )
, (c)



@ Kun > 1<-11411141
.

Pf toE) 11h41 §Hull +1141
.

'

.

Hutvll
'

#

141+114112=11412+211411141+11412HUNHHHI 's Hull Hu - HI + HuH=Hv . ulltllull ± 1141
.

'

.

Hu -4171 Hull - NHIZO

.

'

,

- Hu - VIPE - 11h11 - IWHT = -11412+21141h11 -11412

.

'

. llutvlkllu -412<44111141
.

By replacing v with - v we have HUTHHHHMEHHHKH

Hence 1141114124111mm
'

. au . UH = Kun > I
.OfH real no

.

A
,

Chu ,w > = Ku .ws

Pf Here we Use some result from analysis :

�1� Given AEK
,

for  any e > ° there exists rational no
. q st . It - qke

OI If 7 ER such that for
any { so we have IXKE

,
then 4=0

.

"

We want to use OI
.

Letter too I QEQ at
,

H - qke

Khu ,w > - ku.ws/EKXu.w) - Ku ,w > . qu ,w >tqcu.ws#/4kq)u.w > - ( a. qkawy

EKA . g) u ,w > It ICA . g) caw > I #HA . day HWH +17-411411141

⇒A-QIHUNHI < ZHUHHWHE

Since e can be arbitrarily small
,

HKNHHE can  also be arbitrarily small
.

i. < Xu ,w > - Ku ,w > =o i. e
,

Qu ,w > iku ,w >


